We consider a subdiffusive continuous time random walker in an inhomogeneous environment. Each microscopic random time is drawn from a waiting time probability density function (WT-PDF) of the
Introduction
The statistical properties of random walks have long been used for explaining processes in physics, chemistry and biology [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Among the basic properties of a random walk is the scaling of its effective waiting time probability density function (WT-PDF) for individual jumps, denoted by ψ(t), and the quantities that are determined by it, e.g. the scaling of mean square displacement with time [2] [3] [4] [5] [6] [7] [8] [9] . For example, when each microscopic jump of a symmetric random walker is associated with an exponential WT-PDF with a rate k, ψ(t) = ke −kt , the mean square displacement of the random walker is proportional to the time the process has been going on. This is the well-known diffusive behavior, and the proportionality constant is the diffusion constant. However, many systems in condensed phase have heterogeneous environment. A random walk in such a system can be modeled by taking the value of k to depend on the local environment. Specifically, a model for random walk in diverse system is one in which each microscopic transition has a random value for the rate k drawn from a PDF p(k), e.g. [9] . This simple model for a continuous time random walk in a random environment can lead to a non-exponential form for ψ(t). For certain choices of p(k), this model can lead to subdiffusion, i.e. the random walker's mean square displacement scales sub-linearly with time, and ψ(t) decays E-mail address: flomenbo@flomenbom.net.
as an inverse power law with an infinite mean, i.e. ψ(t) ∼ t −1−β , 0 < β 1. Here, we analyze a model for a symmetric random walker in a random environment in which the underlying microscopic waiting times are distributed as an inverse power law WT-PDF with an infinite mean, characterized by a power β and a rate param-
The environment, i.e. the distribution of the ks, p(k), is characterized by a power law function with a
We calculate the effective WT-PDF for individual jumps of such a system, ψ(t), obtained by averaging ϕ(t; k) with p(k), and show that this system exhibits a transition in the rule for the power that governs the scaling of ψ(t). ψ(t) always decays as a power law with an infinite mean, ψ(t) ∼ t −1−μ , 0 < μ 1, but the formula for μ(γ , β) changes in a critical point, β = 1 − γ . Importantly, this is an indication for a change in the mechanism that controls the dynamics. When β is larger than 1 − γ , μ = 1 − γ , meaning that the collective effect of the environment becomes the mechanism that controls the dynamics. In this regime, the collective effect of an environment made of many slow regions leads to a slower subdiffusion than the subdiffusion due to the individual jumps. When β is smaller than 1 − γ , μ = β, and the slow individual jumps control the dynamics.
Within the model analyzed here, the phenomenon is independent of the dimension of the system, but vanishes when the power β is distributed also. Relationships of the reported phenomenon to dynamics on a network made of heterogeneous fractals, dynamics of single file systems and dynamics in crowded biological cells are discussed. 
Normal dynamics in random environments
A well-known result in stochastic processes gives the scaling of the mean square displacement of a normal diffusive symmetric random walker as a linear function of the time, r 2 ∼ D 0 t. In this Letter, the sign ∼ symbolizes asymptotic scaling. The diffusion coefficient, D 0 , can be related to the temperature, the viscosity of the medium and the particle's size, by the Einstein-Stokes relation, e.g. [6] . The linear scaling of r 2 with time is pretty general: it holds in any dimension and may hold also when the environment is heterogeneous (while adjusting the value of D 0 so it reflects average properties of the environment). However, there are cases in which the environment leads to a very slow diffusion, locally, and when there are many such slow local regions, the scaling for r 2 (t) can be sub-linear linear with t. This is called subdiffusion behavior.
A simple model for subdiffusion originates from a combination of a normal diffusive random walker with an exponential WT-PDF for individual jumps [9] ,
and a random environment that leads to a distribution in k with many small ks; namely, the value for k is a random quantity, and it is drawn in each transition from a PDF,
and k is between zero andk, for a finite cut-off parameterk. (The fastest timescale in the system, namely, the largest rate, can't really be infinite.) For this model, the effective WT-PDF of the random walker, ψ(t), which is defined by
decays as a power law, e.g. [9] ,
A consequence of a heavily tailed ψ is that the scaling for r 2 is sub-linear in time, e.g. [7] ,
D 0 is a parameter. This model shows how the environment can affect the diffusion, leading to subdiffusion. Here, the reason for the subdiffusion is that there are many regions in which the local rate k is very small. As γ → 0, the diffusion becomes normal.
Subdiffusive dynamics in random environments
In this Letter, we extend the above well-known simple model for normal diffusion in a random environment, and introduce a model that involves subdiffusion in a random environment. We first consider a model in which the waiting times for individual jumps are distributed according to a power law PDF, all having the same scaling power, 
, and using Tauberian theorem (e.g. [7] ) to obtain the Laplace transform of the power law ψ(t).
In each jump the parameter k is drawn from the PDF in Eq. (2); namely, the random environment is modeled in the same way as before. The calculations compute the effective WT-PDF, given by the integral equation,
For largekt, the integral,
(1+s) 1+β ds, is approximated by the sum of three integrals,
In Eq. (7), we take the constant B 1 as a small number and the constant B 2 as a large number (smaller thankt). The first integral in right-hand side (RHS) of Eq. (7) is correct up to order o(B 1 ) and the third integral in the RHS of Eq. (7) is correct up to order
The second integral in RHS in Eq. (7) is a always a positive constant, and we denote it by B 3 . Eq. (7) has the solution,
For large t, the outcome of the integral I , Eq. (7), depends on the sign of 1 − γ − β:
Consequently, the expression for ψ(t) is given bỹ
Eqs. (9) 1 -(9) 3 are correct for largekt independent on how close 1 − γ is to β, where exactly in the point 1 
Eqs. (9) predict a transition in the rule for the power that governs the scaling law of the effective WT-PDF for a subdiffusive random walk in a random environment. This occurs when 1 − γ = β. It is very easy to exemplify this transition in a simulation. (Here, we perform kinetic Monte Carlo simulations. We first draw a random number for determining the parameter values of the WT-PDF and then use this WT-PDF and draw a random waiting time. This procedures is performed over and over and over again (10 7 random times are drawn for each curve). The way random numbers are drawn here is by using the typical way for generating random numbers from a power-law PDF. For example, given the PDF in Eq. (2), we generate a random rate by using the formula, k =kx (2) is set to unity. The noise at large t in the curves obtained from the simulations is expected for results from stochastic dynamics simulations (at large t). effective WT-PDF is independent of the dimension of the system, as the effective WT-PDF for individual jumps is independent of the dimension of the system. The effective WT-PDF depends only on the input local WT-PDF for individual jumps and the heterogeneity in the system, and both, in this model, are independent of the dimension of the system. What about a random environment that leads to a distribution in the power β in Eq. (5)? For this case, no transition in the scaling law of ψ(t) is observed, with or without an additional averaging over the parameter k, as long as the average over the power β is done in the range, β 1 (here, → 0 + ). In particular, when
straightforward calculations give 
calculations give in ψ(t) can be obtained depending on the shape of β and on the integration range for β. This is an artificial transition because one must prepare the system to fulfill the condition on β, and this special preparation leads to a different scaling in ψ(t). The physical origin of this artificial transition is the same as in the fixed β case.
Discussion
How to interpret the reported phenomenon? Looking on Eq. (9) 1 , we note that it scales as Eq. (4). Also, Eq. (9) 3 scales as Eq. (5). Namely, the effective WT-PDF is determined by the slower mechanism: anomaly due to individual jumps or due to the environment. We also conclude that the local subdiffusive dynamics competes with the anomaly due to the heterogeneity in the system. When local jumps are very slow relative to the anomaly originated by the environment (1 − γ > β), the diffusion does not depend on the environment heterogeneity. However, when the environment becomes very slow (1 −γ < β), the individual transitions are exponentially distributed from the environment 'perspective', and only the exponent of p(k) enters in the scaling of ψ(t) as if the average over ϕ(t; k) is performed with an exponential WT-PDF for individual transitions.
What are the implications of the reported transition? There are several systems that can be described by this model. For example, a continuous time random walker in a branched lattice. The branches are fractals with the same spectral dimension (the spectral dimension determines the power β [10] ), but differ in conductivity; namely, each fractal has a transition rate for individual transition drawn from p(k). Here, the statistical properties of the random walker can be tuned by adjusting, for example, the distribution of the fractals' conductivity while keeping fixed their spectral dimension.
Looking beyond a single random walker model, we predict that traces of the transition reported here will be found in a single file system of N sub-diffusive hard rods (no bypassing is allowed upon collisions) in a (quasi) one-dimensional geometry [11, 12] . In the sub-diffusive single file, the WT-PDF for individual transitions is given by Eq. (5) for all the particles in it, but the hard rods are not identical and each has a diffusion coefficient k drawn from the PDF in Eq. (2) . We conjecture that a transition in the scaling of a tagged particle's mean square displacement in this single file will be observed when the collective effect due to the PDF in diffusion constants leads to a slower dynamics relative to the anomaly attributed to the heavily tailed WT-PDF for individual jumps. As shown here, these two factors are not additive but compete each other.
The last example that we consider here is diffusion in living cells [13] . The cell content is dense, and diverse (the density fluctuates in space and time). It is well known that crowding is observed in the cell due to its high density content; that is, slow dynamics are observed. In what follows a model that takes into account both the slow individual jumps and the heterogeneity in the environment is considered. This model leads to the phenomenon reported in the previous section of this Letter, and may be found useful in the analysis of the dynamics in living cells. It can be related for any entity that diffuses in the cell, say, a protein or DNA molecule. We consider a local dynamics governed by an exponential WT-PDF,
in which the rate k (the local diffusion constant) is related to an energy barrier (the local composition of molecules that form the local environment) by the Kramers rate,
and the energy barrier Δ is distributed according to
This model, Eqs. (15)-(17), leads to a power-law WT-PDF:
The parameterΔ is related to the temperature, and so it is a constant in the cell environment. The parameter k 0 can be related to the local 'friction' and thus can be distributed on the level of the cell. The parameterẼ determines the scale of the local barriers. It can be argued that although in principle bothẼ and k 0 can be distributed,Ẽ is more likely to change much less in a changing environment (the nature of the interactions between molecules in the cell is pretty much the same regardless of the local density) and that the local density affects mainly the local friction namely the prefactor, k 0 . When modeling the distribution in the k 0 by a PDF of the form of Eq. (2), i.e.,
we end up with a subdiffusion in a non-uniform environment that can lead to the transition predicted by Eqs. (9),
Thus, crowding can affect the dynamics in the cell in two ways: from one side it gives rise to the local slow dynamics because the dynamics are possible only when many 'microscopic' events occur, and from the other side, it may affect the scaling of the effective WT-PDF, when there are enough 'very dense' local environments. Finally, we note that although the anomalous behavior can be terminated by an exponential 'cut-off ', the above analysis refers to a situation in which the anomaly is observed in a time window important to the biological activity.
Concluding remarks
In this Letter, we considered a subdiffusive continuous time random walker (characterized by a power β) in an heterogeneous environment (characterized by a power γ ). We showed that this system exhibits a transition in the scaling law of its effective WT-PDF, ψ(t). ψ(t) decays as a power law, ψ(t) ∼ 1 t 1+μ , and μ is given by two different formulas. When 1 − γ > β, μ = β, but when 1 − γ < β, μ = 1 − γ . The transition in the scaling of ψ(t) reflects the competition between two different mechanisms for subdiffusion: subdiffusion due to the heavily tailed WT-PDF for microscopic jumps, and subdiffusion due to the collective effect of an environment made of many slow local regions. These two different mechanisms for subdiffusion are not additive, and compete each other. The reported transition is dimension independent, and disappears when the power β is also distributed in the range, 0 < β 1. We introduced several systems that can show this phenomenon, e.g. single file dynamics and diffusion in dense living cells.
